
Homework Solutions 7b (Schroeder chapter 7)
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(a) The power P “ eσAT 4, so

A “
P

eσT 4
“ 6.6ˆ 10´5 m2

(b) The spectrum has a peak at E “ 2.82 kT “ 0.73 eV. The wavelength
is λ “ hc{E “ 1.7ˆ 10´6 m, in the infrared.

(c) Plotting, we see that most of of the energy is radiated away in the
infrared.
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Problem 7.51. (Radiation from an incandescent light.)

(a) The power radiated is e�AT 4, so the area is

A =
power

e�T 4
=

100 W

(1/3)(5.67 ⇥ 10�8 W/m2·K4)(3000 K)4
= 6.6 ⇥ 10�5 m2 = 66 mm2.

So if you spread the filament’s surface out into a square, it would measure about 8 mm
across.

(b) The spectrum (plotted vs. photon energy) peaks at x = 2.82, where x = ⇧/kT . So the
peak is at

⇧ = (2.82)(8.62 ⇥ 10�5 eV/K)(3000 K) = 0.73 eV.

A photon of this energy has a wavelength of

⌦ =
hc

⇧
=

1230 eV·nm

0.73 eV
= 1700 nm = 1.7 µm,

in the infrared.

(c) At 3000 K, kT = 0.26 eV. So to plot the spectrum as a function of photon energy in eV,
I gave Mathematica the instruction Plot[eps^3/(Exp[eps/.26]-1),{eps,0,3.5}].
It produced the following graph:
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To locate the visible range, note that the red end of the spectrum, at 700 nm, cor-
responds to a photon energy of ⇧ = hc/⌦ = 1.77 eV, while the violet end (400 nm)
corresponds to a photon energy of 3.1 eV. I’ve shaded this region in the plot. Notice
that it’s not a particularly large fraction of the whole spectrum, and that the filament
gives o⌥ much more energy at the red end of the spectrum than at the violet end.

(d) To integrate the Planck spectrum, it’s easiest to work in terms of the dimensionless
variable x = ⇧/kT = hc/⌦kT . At the red end of the visible spectrum, x = 1.77/0.26 =
6.8, while at the violet end, x = 3.1/0.26 = 11.9. The fraction of energy between
these wavelengths is equal to the integral of x3/(ex � 1) over this range, divided by
the integral over all x:

fraction =

⌘ 11.9

6.8

x3

ex � 1
dx

�⌘  

0

x3

ex � 1
dx =

15

�4

⌘ 11.9

6.8

x3

ex � 1
dx.

I evaluated this expression numerically with the Mathematica instruction

(15/Pi^4)*NIntegrate[x^3/(Exp[x]-1),{x,6.8,11.9}]
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(d) Change variables to x “ E{kT . At 3000 K, kT “ 0.26 eV. The visible
spectrum is between 1.77{0.26 “ 6.8 and 3.1{0.26 “ 11.9. The energy
in the visible is

ż 11.9

6.8

dx
x3

ex ´ 1

This needs to be evaluated numerically. All the energy is
ż 8

0

dx
x3

ex ´ 1
“
π4

15

Their ratio is the visible energy fraction, which is 0.083. Not very
efficient.

(e) Increasing efficiency requires shifting the spectrum peak toward the
visible, which means a higher temperature.
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(f) The efficiency requires figuring out the integral ratio in (d) as a func-
tion of T , and either numerically differentiating it for a maximum, or
plotting it and visually estimating the peak, around 7000 K.
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(a) Putting together the equations provided with the spectrum peak being
at E “ 2.82 kT results in λ “ 8.4ˆ 104 m.

(b) Total power for a blackbody:

P “ σAT 4
“ 9ˆ 10´29 W “ 6ˆ 10´10 eV/s

This is really low.

(c) The energy lost from the black hole must come from a decrease in mass:
P “ ´dpMc2q{dt. Therefore

dM

dt
“ ´

σAT 4

c2
“ ´

H

M2
with H “ 4.0ˆ 1015 kg3

{s

This gives M2dM “ ´Hdt, which we can integrate to get the lifetime
τ :

τ “

ż τ

0

dt “ ´
1

H

ż 0

Mi

dM M2
“
M3

i

3H

(d) For a solar mass, τ “ 7 ˆ 1074 s; about 1057 times the age of the
universe.

(e) The age of the universe is about 4ˆ 1017 s. The initial mass of a black
hole with that lifetime would be 1.7ˆ 1011 kg, smaller than the sun by
about a factor of 1019. The peak of its spectrum would be at about
λ “ 7ˆ 10´15 m, an extremely energetic gamma ray.
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(a) The number of magnons is

Nm “
ÿ

nx,ny ,nz

1

eE{kT ´ 1
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As usual, E “ h̄2k2{2m˚ “ h2n2{8m˚L2. Again, as usual, convert the
sum to an integral using spherical coordinates, ending up with

Nm “
π

2

ż 8

0

dn
n2

en2h2{8m˚L2kT ´ 1

As usual, change variables to x “ E{kT , and after some algebra, you
get

Nm “ 2πV

ˆ

2m˚kT

h2

˙3{2 ż 8

0

dx
x1{2

ex ´ 1
“ 2πV

ˆ

2m˚kT

h2

˙3{2

p2.315q

(b) Each magnon reduces the magnetization by 2µB. Therefore the frac-
tional reduction in magnetization is

Nm

N
“

ˆ

T

T0

˙3{2

where T0 “ p0.0839q
h2

m˚k

ˆ

N

V

˙2{3

For iron, T0 “ 4150 K.

(c) The energy is

U «
π

2

ż 8

0

dnn2 1

en2h2{8m˚L2kT ´ 1

h2n2

8m˚L2

“ 2πV

ˆ

2m˚kT

h2

˙3{2

pkT q

ż 8

0

dx
x3{2

ex ´ 1

“ 2πV

ˆ

2m˚kT

h2

˙3{2

kT p1.783q “ p31.69q kV

ˆ

km˚

h2

˙3{2

T 5{2

CV “
BU

BT
“ p31.69q

5

2
kV

ˆ

km˚T

h2

˙3{2

Therefore

CV
Nk

“

ˆ

T

T1

˙3{2

with T1 “
h2

km˚

ˆ

N

V

˙2{3ˆ
2

5p31.69q

˙2{3

“ 0.646T0

For iron, this is T1 “ 2680 K, which means the magnon contribution is
small at room temperatures and below. But when the temperature is
low enough, the magnons will contribute more than the phonons, since
the phonon CV9T

3.
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(d) The only difference here is that the angular integral is over a quarter-
circle, and the radial integral involves dnn rather than dnn2. Aftr
changing variables to x9n2 (since E9n2), this leaves us with an integral
like

Nm9

ż 8

0

dx
1

ex ´ 1
“ 8
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(a) The ground state has

E0 “
h2

8mL2
p12
` 12

` 12
q “ 1.14ˆ 10´32 J “ 7.1ˆ 10´14 eV

(b) Using equation 7.126, kTc “ p0.224qN2{3E0. In that case,

kTc
E0

“ p0.224qp10000q2{3 “ 104 ñ Tc “ 8.6ˆ 10´8 K

(c) At T “ 0.9Tc,

N0 “

«

1´

ˆ

T

Tc

˙3{2
ff

N “ 0.146N “ 1460

Then, with equation 7.120, we get E0 ´ µ “ kT {N0 “ 4.6 ˆ 10´15 eV.
The first excited state have energies of 2E0 each. The occupancy of
each is

N1 “
1

epE1´µq{kT ´ 1
“ 87

(d) With 106 atoms, Tc will be higher by a factor of p106{104q2{3 “ 21.5,
so Tc “ 1.85 ˆ 10´6 K. The fraction in the ground state remains the
same, but the actual number is large by a factor of 100. Therefore
E0 ´ µ “ 9.8ˆ 10´16 eV, and N1 “ 1990. It looks like, if T {Tc is kept
the same, N0{N1 increases with N .
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