Homework Solutions 1 (Griffiths Chapter 1)

In the following, I'll have the solid angle element d€) = sinfdf d¢. And
therefore, standing alone, ¢ dQ2 = 47, integrated over the full solid angle.

39 We want to check [, dvV -v = ¢, da-v. For our spherical volume,
da = dQ)R?t.

/dUV-Vl—/dU—Q—T’ —]{dﬂ/ drr? (4r) =47 R
v r2or

7{ da-vl—%dQR4—4wR4

v

These are obviously equal.
Now, it may seem that

1
/de-vzz/dngl—O
v r2or

but this is misleading, since there are infinities involved when r — 0. Looking

at the surface integral
7{ da~v2—j{d§21—47r
oV

Since this integral gives 47 for all R > 0, this must mean that V - v, = 0 for
all » > 0, but when we include r = 0, the integral is 4w. Those properties
define the three-dimesional delta function, so

V. (:2) = 47 8*(r)

45 Change variables in each case:

(a) With u = 3z and du = 3dx, the integral becomes
du 2
J —u+3|=1
[.5 00 (Gers)
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(b) u=1—2z, du=—dzx

/1 dud(u) [(1—u)®+3(1—u)+2] =6

1

(c) u=3x+1, du=3dx

[ () -5

(d) J* _dzd(x—b)=0if b>aand =1if b < a. The result is ambiguous
if b=a.

49 First, use the delta function result from problem (39):

/Vdve’" {v. (%)} :/‘/dve’"é?’(r)zllﬂ

Then, integrating by parts,

o [ () o (8)7- [o2) e

R
1
j{dQe_R + j[dQ/ r2dr —2€_T —dre P —dre P+ dnx = 4n
0 r

50 Divergences and curls:

0
VF1:O VXFlz——Flzy:—zl'y
Oz

V- -Fy=3 V xFy=0

Since V x V¢ = 0, we can have Fy = V¢, where ¢ = 1(z* + y? + 2?) is one
possibility for ¢.

Since V- V x A =0, we can have F; = V x A, where A = 12%y is one
possibility for A.

Then, note that V - F3 = V x F3 = 0. Therefore we can write

F3 = V¢, with ¢ = xyz
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[2(y® — 22)% +y(2* — 22)y + 2(2® — y*)2]

| =

Fs=V x A, with A =

63 First, the general case:
V. (r'r) = 19 (r"*?) = (n+2)r"! for n > —2
r2 or

For n = —1, this gives V - v = 1/r?. Integrating this over a sphere centered

on the origin,
R
/de-v—j{dQ/ dr =47 R

1% 0

Using the divergence theorem,

7{ da-f:fdQR:sz
1% r

These are the same, so no d-functions are involved.
Using the spherical form for the curl,

V x (r"t) =0

since all the 6§ and ¢ components of the vector field are zero, and the r-
component does not depend on 6 or ¢. Using the result of problem (61b),

]{ da x (r"r) :7{ dar™(r xt)=0
av v
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