
E & M Exam 1 Solutions

1. (100 points) You have a sphere with radius R and a surface charge
distribution σ = k sin θ sinφ.

(a) Write down the 3D charge distribution ρ(r, θ, φ). Later, if you need to
do any integrals involving ρ, use your answer here.

Answer: This is trivial: ρ = k sin θ sinφ δ(r −R).

(b) Find E(r), the electric field everywhere in space. Hint: one way to
do this involves the spherical harmonics Y m

l (θ, φ). If you do so, don’t
reinvent the wheel: feel free to look up whatever you need to know
about spherical harmonics.

Answer: Doing a full-blown separation of variables for ∇2V = 0, we
found that

V =
∞
∑

l=0

l
∑

m=−l

(

Almr
l +Blmr

−(l+1)
)

Y m
l (θ, φ)

(If your notes are incomplete, you can find this by looking it up online
or in many textbooks.)

Outside of the sphere, to avoid V blowing up as r → ∞, we must have
Alm = 0 for all l,m. Similarly, inside the sphere, to avoid blow-ups at
r = 0, we must have Blm = 0 for all l,m.

V is continuous at r = R, so AlmR
l = BlmR

−(l+1), or Blm = AlmR
2l+1.

The normal derivative of the voltage is discontinuous:

[

∂Vin

∂r
−

∂Vout

∂r

]

r=R

=
σ

ǫ0

∑

lm

(2l + 1)AlmR
l−1 Y m

l (θ, φ) =
k

ǫ0
sin θ sinφ

Now, looking at a table of spherical harmonics, you might notice that
you can write

sin θ sinφ =
i

2

√

8π

3

(

Y 1
1 + Y −1

1

)
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The orthogonality of the spherical harmonics,
∫

dΩY m∗

l Y m′

l′ = δll′δmm′ ,
means that the only non-zero coefficients are A11 and A1−1:

A11 = A1−1 =
i

6

√

8π

3

k

ǫ0

Therefore

Vin(r) = A11r
(

Y 1
1 + Y −1

1

)

=
kr

6iǫ0
sin θ

(

eiφ − e−iφ
)

=
kr

3ǫ0
sin θ sinφ

Vout(r) = A11
R3

r2
(

Y 1
1 + Y −1

1

)

=
kR3

3ǫ0r2
sin θ sinφ

Notice that the outside voltage is a pure dipole, V ∝ 1/r2.

Finally, the electric field is

Ein(r) = −∇Vin = −
k

3ǫ0

(

sin θ sinφ r̂+ cos θ sinφ θ̂ + cosφ φ̂
)

= −
k

3ǫ0
ŷ

Eout(r) = −
kR3

3ǫ0r3

(

−2 sin θ sinφ r̂+ cos θ sinφ θ̂ + cosφ φ̂
)

= −
kR3

3ǫ0r3

(

ŷ − 3
y

r
r̂
)

This is the electric field of a dipole along the y-axis.

(c) Find the monopole, dipole and quadrupole moments of this charge
distribution. Hint: By comparing the complete answer you found in
(b) with what is produced by your monopole and dipole moments, you
may be able to avoid calculating the quadrupole integrals.

Answer: The monopole moment:

Q =

∫

dv′ k sin θ′ sinφ′ δ(r′ −R) = 0
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The dipole moment is a vector.

p =

∫

dv′ r′ k sin θ′ sinφ′ δ(r′ −R)

Cartesian coordinates ends up best when integrating. Use r′ = r′r̂′ and
r̂′ = sin θ′ cosφ′ x̂+ sin θ′ sinφ′ ŷ + cos θ′ ẑ. The result is

p =
4π

3
kR3 ŷ

Again, a dipole along the y-axis. We already found, in part (b), that
the outside voltage and field was that of a pure dipole. Therefore, there
cannot be any non-zero higher-order multipoles.
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