Homework Solutions 3 (Griffiths Chapter 3)

13 Call (a,b) the location ry. Put image charges —q at (—a, b), (a,b) (loca-
tions ry and r3) and g at (—a, —b) (location ry). The potential is then

1 1 1 1
Vi = (- e e e )
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The force on the real charge is,
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The work is, bringing the charge in from infinity along the y = b line,
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If we were able to arrange the charge and image charges into a hexagon,
octagon, and so forth, with alternating signs for the charges, we would also

get V' = 0 along planes. So any angle of 360°/2n = 7/n would work, for
n=123,...

17 1It’s most convenient to use the hyperbolic solutions for basis functions
along the z-axis:

Vi(z,y) = (Ag sinh kz + By, cosh kx)(Cy sin ky + Dy, cos ky)
Putting in the boundary conditions at z = 0 and y = 0, this means By = 0

and Dy = 0. Having V' = 0 for y = a requires k = nw/a. The general
solution giving V' = Vj(y) at = = b is therefore

V(z,y) = i A,, sinh <%x) sin (%y)
n=1
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Since .
Voly) = ;An sinh (%b) sin <%Ty>
this means that A,, can be found using the orthogonality relationship between
sine functions. Operating on each side with 2 [* dy sin(™y) results in
2 “ mm
hom 2 [y (T
o sinh () /0 ysin{=7y) Voly)

When Vi(y) = Vo,

n even

o
An = { n odd

7 sinh ("a—”b)

3= O

21 Since the voltage should be finite as r — 0 and 7 — oo, the solutions
are
Vin = A;r! P(cos 6) Vi = By r~ (4D Py(cos )
At r = R, we have, using the orthogonality of P, functions,
20+1
A= ———
' 2R

To do these integrals, notice that

/ df sin 6 P,(cos 0) k cos 36
0

8 3
cos 30 = 4cos® 0 — 3cos ) = ng(cos ) — SPl(cos 0)

Therefore

k@2l+1) [ 8 3
A= %/1 dx Py(z) {5P3(m) - gpl(@
This integral will be non-zero only for [ =1 and [ = 3. We get
3k 8k
1= —t5 3= th3
SR S5R3

The continuity of the potential means A; R**! = B;. The continuity of the
normal derivatives gives

-a‘/:)u a‘/In —
g = —¢ - or b or ‘|T:R = —€p [Bl(—Q)R 3P1(COS 6)
+Bs(—4)R™° Ps(cos 0) — A1 (1) Pi(cos §) — As(3)P3(cos )]
. kEO -56 9 . kEO 3
A P;(cos ) 5P1(cos 9)} =7 (28 cos® 0 — 15 cos 0)
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277 Using the cylindrical basis functions,

V=Aglns+By+ Y (Ans™ + Bys™™)(Cry cosme + Dy, sinme)

m=1

As s — o0, V. — —FEgr = —FEyscos¢. Therefore, A,, = 0 for m # 1,
and Ay = —Fy. Also, By = 0 and D; = 0. Since V = 0 at s = R,
B,, = 0 for m # 0 as well: we get AjRcos¢ + BiR 'cos¢ = 0. Therefore
Bl = —A1R2 = E()R2 and

2
V =—Fyscoso¢ (1 — R—2>
s

The surface charge again comes through the normal derivatives:

0 = —¢ {%—Zl = 2€0E0 COS¢
s=R

57 The quadrupole. ..
a) With Py(z) = 1(322 — 1) and cosa = # - #, the quadrupole term is
2

1 1 /1 a a2 2 /
unad:mﬁ dU§[3(I'I') —1]7" p(I‘)

Note, now, that

Putting these in the integral,

) 12 /
47T€o = Zrlrj /dv — 3rirj —r (5,-]-} p(r’)

V:]uad
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(b) In this case,

pr) = qd(2) |3la = )3y — 3) + dla+3)aly+ 3)-
(= 2oy +5) = oz + 2oy - 3)|

This means that all z-components—all ();; where i = 3 or j = 3—are
zero. All diagonal components with ¢ = j also turn out to be zero,
because of the opposite sign charges. Also notice that the quadrupole
moment is symmetric: Q;; = @j. So we're left with the non-zero
components

3 3
Q2 = Q21 = /dv, 3 z'y'p(r') = 5 qa’®

(c) When we shift the origin, r’ — r’ — a. Therefore, r; — 7, — a; and

/! /0 / ! 2 ! 2 12 / 2
Ty = =i —aritaa; T — Z(ri—ai) = Z(Tz r—2a;r;+a;)

A 7

Notice that all the terms added to the integral are either constants or
linear in . The constant terms give contributions proportional to

[ o) =@ =0
The linear terms give contributions proportional to
[ oty =pi=0
Therefore the result is independent of the origin.

(d) Now, the octopole. We need P3(x) = 5(52° — 3z). Then,

3
L L o ()
€= (Sont) = St - X

i ik ijk

/
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= E T = E il (E rjrkdjk> = E (rirjrk)—r/
i i jk
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We then define
1 1

drreg rt &
ijk

Voot = riTTk Oijk

where

1
Oiji = /dv’ 5 [5ririry — 3r%ridu] p(r')
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