Homework Solutions 9 (Griffiths Chapter 9)

17 Use equations (9.101) with (Ep,),. = 0. Ttem (i) gives 0 = 0. Using
Snell’s law, (ii) results in:

Lors | = ). 1~ . .
U_ <E01 + E0R> 51116’1 = U_EOT sm 9T = EOI + EOR = EOT
1 2

That’s also what is given by (iii), so that was redundant. Then, (iv) gives:

(—EOI + EOR) cosf; = — EOT cosbr = Eo; — EOR = ozﬂEoT

1101 H2U2

Adding and then subtracting the two equations, we get Fresnel’s equations:
. 2 - - 1—af -
Ey, = —F, Ey,=——F
07 1+Ozﬂ Or Or 1+O¢5 0r
Now, to draw the graph,
52 — sin2 9[

cos? 0

aff =

NS

The upward curving line is EOR/EOI; note that since af > 1 for 0 < ; < 7/2,
the real amplitude ratio is the absolute value.
There is no Brewster’s angle where Ey, = 0. For af = 1, we need

2 2
1— (ﬂ) sin®f = <M202> cos? 6
(%) 1101
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For most media, p; & 2, so we get 1 &~ (vy/v;)?, but that just means there
is no true interface.
a = 1 at normal incidence, so

2 -
Lo, = mEof

which are the same as equation (9.82).
The reflection and transmission coefficients are

_(1—ap 2 €9y 2 % cos Or B 2 2
R_(1~|—a5> T_elvl (1—|—a6) cos 0 _a5<1~|—a5)
(1—-2af+4a?f?) +4aB (14 2ap+a?p?)

(1+ap)? - (1+ap)p

R+T = =1

32 For TM, we want B, = 0 and E, = X (2)Y (y). The boundary conditions
require that El = 0, and therefore E, = 0 when z = 0,2 = a,y = 0,y = a.
We have

X(z) = Asink,x + Bcos k,x Y (y) = Csink,y + D cos k,y

With the boundary conditions, B = D = 0, and we end up with

E, = Eysin <m7rx> sin <%> m,n=123,...
a

The cutoff frequencies, and the wave and group velocity results are exactly
the same as with TE modes. But because now m and n start from 1, not
0, the lowest TM mode is TM;j;, while with TE it’s TE;y. Therefore the
frequency ratio is

Wit _ a?

— 1 -
wm 1 + b2

37 Spherical waves, involving j; (kr — wt).
(a) Since only Ey # 0, and that doesn’t depend on ¢,

1 0
—E¢:O

.E =
v rsin € 0o
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Then the curl:

1 0 . . 10 N
V X E = TSinQ%(SIH 0E¢>I‘ — ;E(T’E(ﬁ)e
2A cos 6 sinu) . Asinf . sinu  cosu\ a
= CoS U — r— —ksinu + — 0
r2 kr r kr? r
Next,
a t
VxE:—EB = B:/dthE
2Acosb / . cosuy . Asin6 cosu  sinu\ a
B = (smu+ )r—i— —kcosu+ —— + 0
wr? kr wr kr? r

We now need to check the remaining Maxwell’s equations with this B:

10

0
V-B=—— ("B, — (sinf By) =0
r2 Or (T ) + rsin @ 00 (sin 6 Bo)
And then,
1 /0 0 ~  Asiné cCosS U\ ~
VX T(@T(r 2 00 >¢ cr s r ¢
which is the same as
Asin 0 .
uon%E = ilrn (k sinwu + COTSU)
(b) Just grinding through the algebra, the ugly result is
1
S=—ExB
Ho
A?sinf (2cosf 1 1 A
— ,uof::; { C:S [(1 — W) sinwcosu + o (cosQu — sin? u)} 0

2 1 1
+sin 6 {(—; + W} sinu cos u + k cos® u + e (sin2u — COSQU):| f'}

Averaging, we have (cos?u) = (sin®u) = 5 and (sinucosu) = 0.

A2?sin%60 1 _
2upc 12

1= ()=

That’s the correct direction and r-dependence for a spherical wave.
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(c) Total power radiated:

A2 202 4 AQ
/da~I: /r2drsin9d9d¢ sin 0 _ A
2gC 2 3ppc

41 Total internal reflection:
(a) We have Ep = Ej, e/ =<1 Then,

kp-r = kp(zsinfr+zcosfr) = kr+ikz = E; = EOTe’“Zei(kx’”t)

(b) With complex a, S,

-2 5
Eop, a—p3
R = | = =

EO] o+ /6
In our case ( is real, but « is imaginary: « = i|la|. Therefore, if
B +ila| = Z, then

_z+|?
R = =1
Z

since that is true for any complex number.

(¢) The other polarization, and again with 5 real and « imaginary:

_|1—ap
R_'1+aﬁ

2

(d) Using the solutions to 9.17 and (a) here, the real part of Ep is
E = Eye " cos(kx —wt +0) ¥

It seems Griffiths wants us to choose the phase 6 = 0. We’ll do so. The
complex magnetic field is

~ 1 -~ . k
B = —Ey e e <—z’ﬁ>z + C—z)
2
Its real part is
CEO

B = Re {[cos(kx — wt) + isin(kr — wt)] [—ik X + k 2]}
Voo

E
= e [gsin(kr — wt) X + k cos(kz — wt) 2]
w
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(e) Grind through the equations:

v.E-B 0

oy !
_ . ke . 0
V x E = kEpe™ " cos(kx — wt) X — kEge " sin(kx — wt) z = —aB
0 0
V-B=—B,+—B,=0
Ox i 0z
2 2 EO —KZ 2 ~
V xB = (k" — k*)—e sin(kz —wt)y
w
Here, note that k? — k% = (now/c)? = w?uses. So
v . 0
V x B = e Fowe “sin(kr — wt)§ = ILLQEQ&E
(f) Poynting vector:
S = iE x B
H2
E2
= e 2k cos? (kr — wt) % — wsin(kz — wt) cos(kx — wt) 2]
Haw

Averaging, (cos?(kz —wt)) = 1 and (sin(kz — wt) cos(kz — wt)) = 0, so

B2k
= (8) = %

Nothing is transmitted in the z-direction.
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