Pavys 191 Exam 1

In 2D, waves radiating away from a point source cannot be described by sines and cosines.
The equation for waves that depend only on 7, the radial distance to the source, and not

on ¢, the polar angle, is
10 [ 0f(rt) 1 0%f(r,t)
- r—= - - v " 7
ror or v2  Ot?
where f(r,t) is the wave, and v is the speed of the wave.

1. (10 points) Show that if you try a solution like f = A cos(kr — wt + J) (alternatively,
f = Aetlbr=wt+9)) it does not solve the 2D radial wave equation for any interesting value of
k. (Unlike 1D standing waves in your assignment, where solutions existed for a restricted
set of k values.)

Answer: The left hand side:
A A
49 [—krsin(kr —wt +0)] = —— {k sin(kr — wt + 0) + k*r cos(kr — wt + 5)}
r or r

This can’t be made equal to the right hand side

;; [wsin(kr —wt +9)] = —;oﬁ cos(kr — wt 4 9)

The only way to make these equal is for £ = 0 and w = 0 for f = A, which is not an
interesting solution.

2. (40 points) An approximate form for a 2D wave, valid for r > A, is
f(r,t) = ArPcos(kr — wt + 0)
with p a constant. Show that f(r,t) is a good approximate solution to the 2D wave
equation for r > \. Hint: When r > \, which is true? k2r? > krP=! or k?rP < krP=1?
Answer: Again, plug it in and do the derivatives:
10 (0 A0
T (Téj) = T35 {r(prp_l cos(kr — wt + 0) — krP sin(kr — wt + 5))}
= A [pQTP_Z cos(kr — wt + 8) — pkrP~ sin(kr — wt + 0)
—(p+ Dkr? sin(kr — wt + ) — k*r? cos(kr — wt + 6)}
1 9%f(r,t A0 , Aw?

UQJ(;E;) = 53 [wr? sin(kr — wt 4 §)] = _?L; P cos(kr — wt + )

These don’t seem that similar, except that the last term on the spatial derivative part
looks like it could be the time derivative part. But notice that we want the equality to



hold as 7 > A. Since k = 27 /), this is equivalent to saying that kr > 1. Therefore,

k2rp
krP™t = = — < E*P and P =

kr (kr)?

That means that the first three terms in the spatial derivative result are negligible compared
to the fourth:

2,.p
< k*rP

10 (0f\ _ 2 p
- (rar> ~ —Ak*r? cos(kr — wt + )
Then,
Aw? 9
——5 1P cos(kr — wt + ) = —Ak"r? cos(kr — wt + 0)
v

provided that v = w/k, which is just the usual relationship with basic waves.

3. (10 points) The best approximate solution will be that where the first neglected term
in the left hand side of the 2D wave equation (the spatial derivative part) is of the order of
(A/r)? rather than just A/r—something small squared rather than just something small.
What is the value of p that makes this happen? Hint: you want to make sure that the
term with sin(kr — wt 4 ) in your left hand side is actually zero.

Answer: The first term neglected that was of the order \/r is the term with the sines:
—Apkr?~sin(kr — wt +6) — A(p + Dkr? sin(kr — wt + 6) =

—A@2p + Dkr? sin(kr — wt +8) =0

To make this zero, 2p + 1 = 0, therefore p = —%.

4. (20 points) In a simple harmonic oscillator, the total energy is proportional to the
amplitude squared: Fr o< |A[>. A wave is a traveling oscillation, so the energy transmitted
by wave through a location is proportional to the amplitude of the wave at that location.
Wavefronts in 2D from a point source spread out in concentric circles, distributing their
energy over the circumference of those circles. That is, the energy transmitted through
any point a distance r from the source is proportional to the amplitude of the wave at r,
therefore, the total energy transmitted over a circle with radius r is

Eeirale X d(arc length) |amplitudel|?

circle

Remember that the infinitesimal arc length on a circle is r d¢ in polar coordinates.

If energy is conserved for 2D waves (and it should be!), then the total energy transmitted
through a circle centered on the source should not depend on r. In that case, what value
must p have to obey energy conservation? (This is the same p as in the previous questions.)

Answer: f(r,t) does not depend on the angle ¢. At any given r, f will oscillate up and
down with amplitude ArP. Therefore, the energy transmitted through a circle will be

2
Eircle X / (rdo) A%r? = 21 A%+
0



If energy is conserved, this result cannot depend on r. Therefore 2p +1 =0 and p = —%
again. This should not be a surprise.

5. (20 points) For spherically symmetric waves emanating from a point source in 3D,
f(r,t) =~ Arfcos(kr — wt + 9)

where r is the distance to the source, and the approximation is valid when r > A. The
energy will now be transmitted through infinitesimal surface areas, not infinitesimal arcs.
In that case, what do you expect ¢ will be? Explain.

Answer: In 3D, the energy from a point source will be spread over a sphere’s area rather
than over a circle’s circumference:

Esphere d(area) |amplitude|? = 47 A%r?+2
sphere

If that is not to depend on r, we must have p = —1.

Note on Bessel functions

In more advanced coursework, you will encounter the counterparts of sines and cosines for
the spatial part of waves, in 2D polar coordinates, that are known as Bessel functions.
These are oscillating functions where the amplitude decreases as r increases, and when
r > )\, these go like

Jo(kr) = (const)

1
cos(kr + 6
Vi o)
In 3D, we have spherical Bessel functions, which when r > A, behave like

1
Jo(kr) ~ (const)ﬁ cos(kr + 6)

When you multiply these with the cos(wt) time dependence for waves, you get the approx-
imate forms for f(r,t) in the exam.



