PHaYs 191 Solutions 10: A bit of quantum

A quantum wave function 1 is a complex-valued function. And physical observables are
not ordinary numbers; instead, they’re associated with operators. For example, for a 1D
particle, the momentum operator is p = —iha%.

1. The spectrum of an observable—the possible values you can obtain when you make a
measurement of that observable, are the eigenvalues you get from solving the eigenvalue
equation. For momentum, that is
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the p in this equation is an ordinary real number; these are the momentum eigenvalues.
The 1, are the eigenfunctions with eigenvalues p. Find the possible values of p and the
corresponding 1, (z).

Answer: You should know by now that the solution is an exponential: 1, = Ae’®.
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The eigenvalues are p = hk = h/A. All —0co < p < oo are allowed.

—ih

= (hik)Aeit

2. Classically, the nonrelativistic kinetic energy K = p?/2m. The quantum kinetic energy
operator is K = p?/2m. Write K in terms of derivatives.

Answer: p? means operate by p twice: a derivative of a derivative. Therefore,
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3. A free particle only has kinetic energy. Find the energy eigenvalues K and energy
eigenfunctions g for a free particle.

Answer: The eigenvalue equation is
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Again, you should look for exponentials: 15 = Ae*®.
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In other words, K = h?k?/2m. But notice that both £k give the same energy K. So the

energy eigenfunctions are a combination of the two:

wK — Aeikx + Befikx

= Kk
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Alternatively, this is

i = A(cos kx + isin kz) + B(cos kx — isin kz) = accos kx + Jsin kx
with « = A+ B and f =i(A — B).
4. Is every momentum eigenfunction also a kinetic energy eigenfunction? Is every kinetic
energy eigenfunction also a momentum eigenfunction?

Answer: Every momentum eigenfunction with eigenvalue p = hk is also a kinetic energy
eigenfunction with K = h*k?/2m. But the reverse is not true unless A =0 or B = 0.

5. The 1D particle in a box is a free particle, but the wave function is also constrained to
be zero at the box boundaries: 1(0) = 0 and (L) = 0. Find the energy eigenvalues and
eigenfunctions for a 1D particle in a box.

Answer: First, apply ¢(0) = 0:
Ae’+ Be* =0 = A=-B
Then, (L) = 0:
A —e7*Yy =0 or PBsinkL =0 = kL =nm, n=1,2,3,...

This should be familiar from standing waves. These are standing waves!
The energy eigenvalues and eigenfunctions are

2 (M)Q nw
K, = ) and ¥, = Bsin <:c)
2m L

The energies are quantized; we have energy levels.
6. The 1D particle in a box wave functions can be normalized:
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Find the normalized energy eigenfunctions for a 1D particle in a box

Answer: Normalize away:
L L 27,
/0 dx {5* sin (ngx)] [ﬁsin (Tx)] = |B|2/0 dx sin’ (Tx) = |5|2 =1
Therefore || = 1/2/L, and
2
Vi = \/;sin (Tz)




